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Abstract 



We compute the amplitude for the radiation of massless NS-NS closed 
string states from the interaction of two moving D-branes. We consider 
particle-like D-branes with reference to 4-dimensional spacetime, in toroidal 
and orbifold compactifications, and we work out the relevant world sheet 
propagators within the moving boundary state formalism. We find no on- 
shell axion emission. For large inter-brane separation, we compute the space- 
time graviton emission amplitude and estimate the average energy radiated, 
whereas the spacetime dilaton amplitude is found to vanish in this limit. The 
possibility of emission of other massless states depends on the nature of the 
branes and of the compactification scheme. 



PACS: ll.25.-w 

Keywords: string theory, D-branes 



I. INTRODUCTION AND SUMMARY 



The non-relativistic dynamics of Dirichlet branes plays an essential role in the under- 
standing of string theory at scales shorter than the Planck length Thus it is important 
to investigate the physical properties of the interactions between branes and/or branes and 
strings. These physical properties can be generically inferred from scattering amplitudes. 
For instance one can look at the interaction of strings with one brane, by considering a 
disk-like world sheet with appropriate boundary conditions and inserting Neveu-Schwarz- 
Neveu-Schwarz (NS-NS) or Ramond-Ramond (RR) string vertex operators f^. 

Interactions between two branes can be studied by considering an annulus-like world 
sheet with one boundary on each brane. As is well known one finds in particular that there 
is no interaction between two identical branes at rest ||^. However, non zero amplitudes 
can occur when one includes in the system additional string states, by inserting appropriate 
vertex operators in the annulus, and/or when considering branes in relative motion. In 
the case of moving branes, the potential falls off like j r^^^ for small relative velocity V 
in the maximally supersymmetric case, whereas it could generically vanish like V'^ /r^~^ for 
compactifications breaking some supersymmetry. In addition to the universal force, there are 
also additional spin effects proportional to y^-^lr^-^+^ [[n the maximally supersymmetric 
case) which distinguish between the various components of the 2 5 6- dimensional brane BPS 
multiplet 

In previous works |9,1C] we have used the boundary state formalism to study, in 
particular, the case of two branes for a Type II superstring theory compactified on orbifolds, 
looking at the dependence on the relative velocity of the branes' scattering amplitude |]10 



which gives important information on the coupling of the massless fields to the branes. Here 
we study the interesting possibility of particle emission from interacting moving branes. 
Particle production is quantum mechanically allowed even within the eikonal approximation 
where recoil is neglected and the branes are assumed to move along straight trajectories. 
This is in particular more and more precise when dealing with emission of massless states 
in the limit of small momentum and large impact parameter. Here we present a systematic 
study of this case, namely by computing the amplitudes for the emission of a single NS- 
NS massless closed string state (graviton, dilaton or axion) from a system of two moving 
DO-branes, in both toroidal and orbifold compactifications []T2[ down to four dimensions. 
Actually we have considered also an interesting case of some Neumann boundary conditions 
in the compactified directions, technically describing a D3-brane, but which is still a particle- 
like DO-brane with reference to the uncompactified spacetime. 

We find that the amplitude for axion emission, which gets contributions only from the 
odd spin structure in the twisted orbifold sector, vanishes exactly. On the contrary only 
the even spin structures contribute to the emission amplitudes for the dilaton and graviton. 
We study these amplitudes in the field theory limit, that is for large branes' separation. 
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Such a limiting process picks out the massless closed string states being exchanged between 
the branes. In this limit the "spacetime" dilaton emission amplitude also vanishes (by 
"spacetime" dilaton we refer to the particle described by the trace of the space-time part 
of the vertex operator polarisation tensor). However the graviton emission amplitude even 
in this limit is generically different from zero and we present its computation. Also the 
amplitude for emission of other massless particles, related to the compact directions of the 
polarisation tensor, can be different from zero, depending on the nature of the branes in the 
compactified directions. 

We then compare the graviton emission amplitude in the field theory limit to Feynman 
diagrams when the two branes exchange a massless particle, which can either be a scalar, 
a vector or a graviton, and the outgoing graviton is emitted by it. We indeed find that the 
RR part of the amplitude, in the limit of large distance from both branes, corresponds to 
the coupling of the graviton to the RR vector being exchanged between them. Similarly we 
find that in the same limit the NS-NS part of the amplitude corresponds to the coupling of 
the emitted graviton to the graviton and the scalar being exchanged between the branes. 
It is interesting to note that our result for the graviton emission amplitude corresponds to 
the sum of various Feynman diagram contributions, as is usual in string theory, including 
both bremsstrahlung-like processes where the graviton is directly emitted by the branes, and 
processes where it is emitted far from them. We also evaluate the average energy < p > 
radiated by the two branes when they pass each other at impact parameter b and relative 
velocity V, finding < p >~ g'^l^ ^^j^^" , where gs, h are the string coupling and length, and the 
integer n = 2, 4 depends on the brane nature and compactification scheme, that is essentially 
on the amount of supersymmetry. If we extrapolate down to the eleven-dimensional Planck 
length b ~ g^^h we would find a maximal radiated energy ~ gs^-j—, which one can compare 
with the estimate of ref. |Q. Actually, this extrapolation would be valid for small velocity 
V < c/2/3, see Sec. IVB 

Further, let us note that the graviton amplitude, when the graviton coming out of the 
interaction of two branes is off-shell, could be also regarded as a first perturbative correction 
(9(l/r^) in the evaluation of the gravitational field at large distance r from a system of branes. 
In fact, the perturbation expansion of the classical solution in terms of tree diagrams, where 
the branes are sources, would give at the second order the graphs of Figs. 1,2,3. A related 
issue is the result for the scalar emission amplitude. In fact the pattern of scalar couplings 
is of crucial importance for the question of whether a non-zero horizon is produced. From 
our result, this seems possible for a system of just one species of D3-branes on an orbifold, 
since we find these D3-branes to be uncoupled to any scalars. 

The propagators for the world-sheet bosons and fermions in this system are an important 
ingredient of the calculation. Since they are not available in the literature, we outline 
the computation of these technical tools and present the resulting expressions which are 
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interesting in their own right and constitute an important output of our work. 

The paper is organised as follows. To make sure that the arguments of this paper 
can be followed without being distracted by too many computations we have kept in the 
main text only what is strictly necessary for its understanding and have relegated technical 
tools to appendices. In Sec. II we construct the general amplitude for particle emission, 
carefully separating out the zero mode contributions and setting up the kinematics. In 
Sec. Ill we discuss the axion emission amplitude and show that it is zero. Sec. IV is 
devoted to the construction of the dilaton and graviton emission amplitudes. In Sec. IVA 
we show that the dilaton amplitude vanishes in the field theory limit (by dilaton here we 
mean the masslcss scalar corresponding to the trace part of the polarisation tensor, whose 
traceless part describes the four dimensional spacetime graviton). In Sec. IVB we present 
the computation and the results for the graviton emission amplitude and the estimate of the 
energy radiated in this process. In Sec. V we consider the field theory interpretation of the 
graviton emission amplitude. In Sec. VI we discuss the case of the emission of other types 
of massless particles, corresponding to other components of the ten dimensional polarisation 
tensor. Appendix A outlines the construction of the spacetime part of the boundary state 
for a moving D-brane. In Appendix B we use the boosted boundary states to compute the 
uncompactified part of the partition functions. This appendix also contains the calculation 
of the propagators for bosons and fermions on the cylindrical world sheet representing the 
exchange of closed string states between two relatively moving D-branes. 

II. GENERAL AMPLITUDE 

Consider the interaction of two zero branes, moving with velocities Vi and V2 respectively, 
say along the 1 direction only. Wc will call Transverse (T) the other two uncompactified 
space directions 2,3. In the closed string picture the interaction between two branes is viewed 
as the exchange of a closed string between two boundary states, geometrically describing a 
cylinder. In the present work we use r for the coordinate along the length of the cylinder, 
< T < I, and a as the periodic coordinate running from to 1. Wc will always consider 
particle like D-brancs, that is the time coordinate satisfies Neumann boundary conditions, 
whereas the three uncompactified space coordinates satisfy Dirichlet boundary conditions. 
The emission of a closed string state from these interacting branes is described by the 
matrix element of the appropriate vertex operator sandwiched between the boundary states 
describing the branes: 

A= dl drJ2{±)<B,V,,Yi\e-'''V{T,a)\B,V2,Y2>\ (1) 
Jo Jo g 

where the I]s(=t) represents the sum over the spin structures with the appropriate signs 
(GSO projections). 
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The vertex operator for a massless NS-NS state (this state represents a massless particle 
propagating in 4- dimensional uncompactified spacetime, with momentum p^, /i = 0, 1,2,3 
and p'^p^ = 0) is given by 

V{z, z) = e,,{dX' - ^p ■ ijij'){dX^ + ^p ■ ijij^)e'P-'' , (2) 

with z = a + ir and d = dz- For most of this work we consider a polarisation tensor e^,y with 
components in the uncompactified directions only. In this case in the vertex operator, only 
bosonic and fermionic noncompact coordinates appear. For relative normalisation of X and 
ip see Appendix A. We can take e^u to have only space components, which we denote as 
as this is allowed by the gauge invariance of the vertex operator, and moreover p^Cij = 0. 
The various cases we will consider are: 

1) the axion, described by eij = bij with = —bji, 

2) the dilaton, described by Cij = 6ij — 

3) the graviton, described by Cij = hij with hij = hji and S'-^hij = 0. In Sect. VI 
we discuss more general polarisation tensors, having also components in the compactified 
directions. 



As is well known, the D-brane is described by an appropriate boundary state We 
write the boundary state for the moving D-brane as |T^ 



\B, V2, Y2 >s= J (^^e-^'^'^B > sm , (3) 

where \B, sm >* is the boundary state constructed from the Fock space of the bosonic and 
fermionic string modes {sm) (see Appendix A). Here is the boost of the momentum 
iO,q\q^q'y. 

= (sinhf2g\cosht;2g\gT) = (72V2g\ 72'?\ gr) , (4) 

V2 being the rapidity of the brane 2. Similarly k'^ is defined as the boost of the vector 
(0, k^, k"^, k^) with rapidity v^. In our notation the integration measure is always defined as 
d^q = dq^d?q± and similarly in the following d^k = dk^d'^k±. In eq. (^ we take different 
from zero only the spacetime part of the momentum emitted by the brane (we will be mainly 
concerned with the case of large distances, where we can neglect the configurations having 
momentum or winding in the compactified directions different from zero). Separating the 
zero modes for /x = 0, 1, 2, 3 

X'^ia,T)=XUr)+XU^,T), (5) 
where Xq^{t) = Xq — iQ^r, we can write: 

dXe'P^ = dXo^e'P^''^ o e^^^"- + e'^^'"^ o dX^sce'"^'"'' , (6) 
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etc. Since in general we have terms of the kind: 

F(Xo^)e^P^«'" o G{sm)e'P^°'^ , (7) 

where F is an expression {F{X) = 1 or dX"^ or dX^ or dX'^dX^) containing Xom only 
and G{sm) contains everything else, that is generically all the remaining string mode, both 
bosonic and fermionic, we can split the computation: 

=< F(Xo„)e*P^"™ >< 5i, Vu sm|e-'^('"^)G(sm)e^P^°-|52, V2, sm >' . (8) 
We have defined: 

< F(Xo^)e^P^«- J ^^e^^^^^-^^^^< A;^|e-'^(^°-)F(Xo™)e'^^»-|g^ > . (9) 

To avoid ambiguity let us stress here that q (k) refers to the space components of the vector 
q'^{k'^) defined in eq. (^. As mentioned above, we have four possibilities for F(Xom)- 
Consider first F = 1, giving 

< e'P-^^- >o= I I -^-^e-^'i-y-e-'^'B+rv.B < k>t,\{p + qsY > ■ (10) 

Notice now that 

- (2-)* . {e - ^/!L^1 , U - i'-iPr - kr + ^) . (11) 



sinh \vi — V2\ \ sinh(fi — V2) J \ sinh(t'i — V2) 
We have used (Vi — ¥2)^1^2 = sinh(t>i — V2) and defined the boosted energies to be 

P^'''^ =71,2(1- V^i,2 cos (12) 

where p = and cos^ = y. From now we drop the subscript "B" on the momenta and use 
the notation = q^, qx), k'^ = {kP , k^, kx) where: 

k'' = Vik\ q^ = V2q\ 



k' = -^{l-V2COse), gi = -^(l-yicos( 

Vl — V2 Vl ~ ^2 

kx — qr = Pt ■ (13) 
Introducing the impact parameter 6 = Yi — 1^2 and defining I' = I — t, finally we get 



sinh|t;i -fal J {2tiY ' ^ ' 



7/ 
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The other three possible matrix elements F{Xom) are easily evaluated since they corre- 
spond to further insertions of momentum operators Q^, and involve additional fc* factors in 
the integral. They are: 

< 9X^„e^^-^- >= — . / f^e"^\-'^^e-'^i'i--k') , 

""^ sinh|fi -fal J (27r)2 ^ 2 ^ ' 

< axLe--^- >= —-^ : f $^,e^' 'e-'^^e-'4^\\k^) , 

smh|fi — f2|J (27rj^ 2 

< ^^L^^Le^^-''"™ >= 1 / ^e^'^-'^e-4-e-*''(-^fc^^^) • (15) 

smh |t>i — f2| (27r)^ 4 

It will prove very convenient to change the integration variables of the amplitude to r 
and /' which will be interpreted as the proper times of the particles mediating the interaction 
from each of the two branes to the vertex: 

oo rl rco roc 

dl dT= dr dl' . (16) 
Jo Jo Jo 

Notice that r = corresponds to the emission from the second brane \B, V2, Y2 >, whereas 
/' = 0, corresponds to the emission from the first brane < B,Vi,Yi\; conversely, t,1' > 
corresponds instead to emission far from both branes. 
As for the factor containing the string modes, we write 

< Bi, V,, sm\e-^^^'"'^Gism)e'P^-\B2, V2, sm >'=< Gism)e'P^- -Z^Z^' (17) 

where Z^ and Z^^ are the partition functions defined by 

Z^ =< Bi,Vi\e ^^\B2,V2>bosonicosc ■, Z^" =< Bi,Vi\e ''^\B2,V2 >')ermionic modes ■ (!§) 



For the matrix element of an operator, as defined in eq. ([T7|) , we distinguish the case of 
even and odd spin structures. In the boundary state formalism, the various spin structures 
correspond to the GSO projections and are obtained by the possibility of inserting the 
operator (—1)'^ in the matrix element of the boundary states, in the Ramond-Ramond or 
Neveu-Schwarz-Neveu-Schwarz case. Since the boundary state is of the form \B >= e'^'^\0 >, 
where is an expression quadratic in the left and right moving fermionic modes and |0 > is a 
suitable Fock vacuum (see Appendix A), the insertion of (—1)^ has the effect of changing the 
sign of in one of the boundary states. To take it into account, we define \B,t] >= e^^^\0 > 
where t] = ±1 (actually, only the relative sign r]iri2 is relevant, 771,2 referring to the Bi^2 
boundary state). The odd spin structure corresponds to riiri2 = —1 for the RR case. For 
the even case for any operator O we define 



^,n^^ ^^^e^,en_ <^l,Vl,r?l|e '''0{a,T)\B2,V2,V2> 

<''^-^-^> = <5,l^,,,|e--|52,V2,,2> ■ ^''^ 
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For the odd case in general there are fermionic zero modes which make the result zero unless 
they are soaked up by an equal number of insertions. Since in our vertex only spacetime 
fermionic coordinates appear, the overall result will be zero in the odd case whenever there 
are zero modes for the compactified fermionic coordinates. Thus, we restrict the discussion 
of the odd spin structure to the case of the orbifold when the branes are at the fixed point. 
In this case, for the twisted sector, there are no zero modes in the compactified directions 



T0|| . In the boundary state formalism this is seen from Appendix A, because 

< 0|e*''^*V''''*^|0 >= (20) 

where b = {-i'y^ + 7^+^)/2, with A>2, is a fermionic zero mode in a transverse direction, 
whereas 

< 0\e'''~^*%b*e''^^*~^\0 >= 1 (21) 

and also different from zero on inserting bb*, bb*, and bb*. Notice instead that in the longi- 
tudinal direction, a = (7° + 7^)/2, 



< ole-^'^^'^'^'^e-^"^"'"'"*^* |0 >= sinh(t;2 - vi) . (22) 



Thus in order to have a nonvanishing result, the operator O must contain ip^ipQ or ipQipQ or 
ipQipQ or ipQipo- III this case we define (for the RR case with 771772 = — 1): 



< B,, V,,r],\e-'^0{a, t)\B2, V2, V2 > 
< Bi,Vi,r]i\e-^^ilji'^i\B2,V2,V2 > 



< 0{(T, r) > = I 2.1:^1 o . • (23) 



The fermionic partition function for the odd spin structure is accordingly defined with the 
zero modes insertion, as in the denominator of ([23|). If O does not contain zero modes the 
result will be zero. 

Since \B > can be written as a direct product for pairs of directions and therefore also 
the expectation value can be accordingly factorized, we can evaluate < O > hj using the 
Wick theorem for each factor. In the odd case the factor relative to the 2, 3 directions will 
be zero if O does not contain the zero modes. The relevant rules are given in Appendix B. 
In particular 

< GB{Xosc)GF{^)e'P''- >=< GBiXosc)e'^''- >< GfW > (24) 
and for the expressions containing Xosc we have 

< dXl^e'P^"^^ > = i< dX'p ■ X e*f^°^= > , 

< BXl^/P^"'^ > =i< BX'p ■ X >osc< e'P^°'^ > . (25) 
We thus get, finally, that the general amplitude can be written as : 
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A=—-^ -J dr d/'/^e^^We-V<e^p-^>_Ar (26) 

smn |t>i — t>2| JO Jo J (zvrj^ 

where 

AA= Z^^(±)Z^^7W^ (27) 

s 

and 



A^'^ = eij[< dX'dX^ >osc - < dX'p ■ X dX^p ■ X >, 



+ < p ■ V''?/'* p ■ ipip^ 

+ (< 9X> • X p ■ ij^^ -< Bx^p ■ X >osc< P ■ i^f >') 
-he {% < Bx^p ■ X >osc +l<p- V^V^' >') 

+ (^z < dX'p ■ X -1<P- - \k'k^] . (28) 

In the case of the odd spin structure, terms not containing < ip'^ip^ > (or ip^'^) at least once 



are zero, see Appendix B eqs. (|B14| ) and (pi5|) . 

Notice that the unphysical longitudinal part of the impact parameter appears in the 
amplitude only in the irrelevant constant overall phase e**^^^^; one can put = without 
loss of generality. In order to get some preliminary physical information from the amplitude, 
we can explicitly carry out the kinematical integration, obtaining 

/■^2r__ 2 ,2 1, - p(l)2^+p(2)2,/ 

/ !lJZLe'''T-bTQ-^r^-t^l' ^ _e5l{PTr-i6T)''g- 2=i„h2(„i-„2) _ (29) 

Because of the term e~~, at fixed transverse distance bx, world sheets with / < 6^ are 
exponentially suppressed; in particular, the large distance limit +oo implies / —>■ +oo, 

and selects the part of the amplitude where the fields are massless. 

In order to complete the computation one has to choose the compactification scheme. 
We will consider either toroidal compactification and DO-branes (that is TypellA theory) or 
Z3 orbifold and either DO-branes (TypellA), or D3-branes (TypellB), see our earlier paper 

As we will see in the next section the contributions of the even spin structures to axion 
emission are zero. The amplitude for the emission of an axion receives contributions only 
from the odd spin structure [RR—) sector where one has to insert two transverse zero modes. 
Of course, in the case of toroidal compactification from 10 dimensions to 4 dimensions or, 
in the case of orbifold compactification, when the D-branes are on a generic point of the 
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orbifold, the axion production amplitude is trivially zero, due to the lack of zero mode 
insertions in the compactified fermionic coordinates integration. But when the D-branes 
are on the fixed point of a Z3 orbifold there is the twisted sector contribution where there 
are no zero modes in the compactified directions. In this case, the compactified part of the 
amplitude turns out to be "1", since the bosonic part exactly cancels the oscillators of the 
RR— part and we are left with the zero modes' contribution Z^Z^ = 4sinh(fi — ^2). 

In the case of the dilaton and the graviton, the situation is different since the three even 
spin structures contribute. Now we consider the DO-brane or also the D3-brane case. Let us 
first take the DO-brane on a generic point of the Z3 orbifold or on Tq. We will be interested 



in the I 00 limit, in which case (see [0): 

e^^' ± 2 [cosh 2{vi -V2)+Y1 cos 27r;2a] , 

a 

Z^ 16 COsh(t'i — f 2) Y]_ COS TCZa ■ (30) 

a 

The case of the DO-brane corresponds to taking all Za = 0, whereas for the D3-branes, 
with mixed Dirichlet /Neumann boundary conditions in each of the compactified pairs of 
coordinates, we take either 2;^ = or g{za = 1/3, 1/3, —2/3) and one has to sum over all 
possibilities 1 + g + g^. In this case since = S ± e~^'^^T, where S and T are in general 

functions of r and we finally have 

16 COSh(f 1 — f 2) JJ^ cos TXZa M^^ - 4^[cosh 2{vi -V2)+Y. COS 2nza] - 2T . (31) 

a a 

In the case of a DO-brane on a fixed point of the orbifold there are both the untwisted 
sector, where the result is the same as eq. (|3T|), and the twisted sector where one has to 
make the combination 

Af = ZlM""^ - Z^^A1^^+ - . (32) 

Since in this case, for / 00, Z^ —>■ 2cosh(yi — ^2), 1, the sum over the even spin 

structures gives 

A/" ^ 2 cosh(t;i - V2)M^^ - 2S . (33) 



III. AXION AMPLITUDE 

The axion is described by an antisymmetric and transverse polarisation tensor satisfying 
= —V^ and Pih^^ = pjW = 0. Thus up to a constant b'^^ = ^e^^^—. 
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Using the general properties and the definitions given in Appendix B (remembering that 
g«i = giy^ have 



< dX'p ■ X >osC= - < dX'p ■ X >osc , 

< ^'^p^ >^'"=" - < ij^tp' ^even^ q ^ < p ■ >^^^" - <p- ^pip^ ^even^ q ^ 

< ^p'^p^ >'"^ - < >°'^= e'^ , <p- >°'^^ -<p- >'"^= ipte^^ . (34) 
Also from the rules of eq. (pi6| ) it is easy to see that 

Kp-ijlfj' >^^^"< p . ^even^ g _ ^35^ 

Thus one can see that the whole amplitude (0), with Cij = bij = —bji, is zero for even spin 
structures. Further noticing that 

bij Kp-tPtP' >'"^'^< p ■ V^^' >°^^= bijPke''^ Kp-t/jtP' >°^^ , (36) 

the amplitude is found to reduce to 

yW^rfrf = -bij{e'^ <p-4jp-tlj >°'^ 
8 ^ 

+Apke''^ dX'p ■ X >osc <ip'p-ip >°'^'^ < t/^V ■ ^ >°'^'^ +^k^ I • (37) 

By explicit calculation it is seen that the oscillator parts of the last set of four terms add up 
to zero, as expected from world-sheet supersymmetry, and we are left with 



M 



odd 



h,, {e'^ <p-^p-i, +2^pfce^^■ [k' + t < ^> ■ >f - < ^> ■ >°'') } , (38) 



where the subscript o on the fermionic propagator indicates the zero mode contribution. 

Of course, in the case of toroidal compactification from 10 dimensions to 4 dimensions, 
this axion production amplitude is trivially zero, due to the lack of zero mode insertions 
in the compactified fermionic coordinates integration. But in the case of a Z3 orbifold 
compactification, when the 0-branes are on the fixed points of the orbifold (see Appendix B 
of 0), there are no zero modes in the compactified directions. We will thus consider this 
case. Using the explicit form of the polarisation tensor, and evaluating the zero modes, the 
amplitude in the RR— sector reduces to 

1 - i r ^ 

= - cos9 < p ■ ipp ■ ip >f ~ +- cos 6pT ■ kx — sin^ 6pk^ 
8 8 L 

+ V [2 cos 9Ff- - (1 + cos' e)Gf' + sin' OUf-] . (39) 
8 '- -' 

Finally, using the results of Appendix B and remembering the kinematics, the last ex- 
pression can be shown to simplify to 
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M^' = ^cos^ 
8 



and using eq. ( P21|) one ends up with 



- cos 6 



-dr<p- X{z)p ■ X{z) - q'] 



(40) 



(41) 



From eqs. ( P5| ) and ( [B13| ) of Appendix B we see that for the uncompactified parts of 
the partition functions we have 



Z'Z"- =4sinh(t;i -t;2) 

and observing that dr\i = dr\i' — di>\r the final integrated amplitude, eq. 
emission is seen to be a total derivative 



for axion 



A""" = -cose 

= . 



dr 







dl' 







(2vr) 



(42) 



Here, as in the following, possible surface terms at r, /' = have been dropped by making 
an analytic continuation from < of formula ( P8| ) for < e*'^'^ >osc- 

Thus, finally, we find that there is no on-shell axion emission during the interaction of 
two moving branes, even in the case of the Z3 orbifold compactification. This result is not 
in contradiction with our previous work There we computed the amplitude for axion 
production due to the interaction of an incoming graviton with two parallel branes at rest. 
Indeed we found no pole in the axion-graviton momentum transfer squared and thus there 
is no on-shell axion coming out of the two brane system. 



IV. DILATON AND GRAVITON AMPLITUDES 



The graviton is described by a symmetric, transverse and traceless polarisation tensor, 
satisfying /i*-' = pih^^ = and /i* = 0. Consequently, there are two physical transverse 
polarisations. The dilaton, instead, can be thought of as the trace part of the graviton 
and is described by a symmetric and transverse polarisation tensor, satisfying h^^ = h^^ and 
Pih^^ = 0, which can be taken to be h^^ = 6^^ — 

In these cases one can verify that, due to the symmetry of the polarisation tensor, the 
amplitudes are non- vanishing in the even spin structure sectors only. 

It will prove of great help in this case to integrate by parts the two-derivative bosonic 
term; by using d = = |(c?t|/' — t^i'lr), since d acts on a function of 2; — ^ = 2ir, 

and observing that the partition function behaves like a constant with respect to the latter 
derivative since it depends only on / = r + /', one gets 
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poo pea 'I ,2 

Jo Jo 

j poo poo _ r l2 > 

P OO /* OO 2 2 

JO JO 

X |< j9 • 9X(^)p • X{z) >osc +\{k' - g')} . (43) 

Taking into account also the symmetry of h^^ for both the graviton and the dilaton and the 
property (see appendix B) 

< dX'p ■ X >osc= - < dX'p ■ X >osc , (44) 

the amphtude A^"* in (p8|) can be taken to be (writing Xosc{z, z) = Xosc{z) + Xosc{z)) 

M" = h,,{- < dX'X^ >osc< p-dXp-X >osc 

+ < dx'p ■ (X + X) dx^p ■ (X + X) >osc 
+-^{< p ■ i'p ■ i^'i'^ ~ <p- ipip' p ■ ipi)^ 

+ <p- i/jiIj'' p ■ ipip^ 

+^ (^i < dx'p ■ (X + X) >osc +lk'^ (< p-iJij' + <p- i'i'' >') 

+ik' < dX^p ■ (X + X) >osc ~{k^ - q^) < dX'X^ >osc -\k'k^^ . (45) 



We will focus on the large distance limit I —>■ +oo, in which only the massless modes will 
contribute and we expect the low energy effective field theory to reproduce all the results. 
Since / = r + Z', in this limit at least one among r and /' is large and thus a massless state is 
propagating between the two branes, which are far away from each other. If /' — cxd and r 
is finite, the particle is emitted near the second brane; if r — > oo and I' is finite, it is emitted 
near the first brane. If both r, /' oo, the particle is emitted far from both branes. 

In the large distance limit / oo the bosonic exponential reduces to (see eqs. ( p7|) and 



b(2)2 



^ ^ ^ osc 



1 - e"^^^ 



l-e 



(46) 



After having evaluated the limiting forms of M , one has to integrate in eq. ( [25| ) over the 
proper times r and Z', 

/ dr / dl'e-"-^e-^'' < e'^'^ U . (47) 
Jo Jo 

These last integrations will eventually produce factors like or or both, correspond- 
ing to the denominator of the propagators of the massless particles emitted by the branes. 
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A. Dilaton 



Using the explicit form for the polarisation tensor and recalling the notation defined in 
the Appendix B, the amplitude is found to be 

^ {sin^ e [{K, - Kf - (F: - -Ll + Gf - (U: 
-2{U: - W,)[L, - cose{K, - K)]] 
+4{KK, - F'F^) -4 cos e{KL, - F'Gl)} 



+ -{k^ - q") [sin^ OK, + (1 + cos^ d)K] 
8 

+lhirk%, - cose{K, -K) + {U: - W,)] - hn^k'^ 



(48) 



For the three even spin structures, this expression can be further simplified using the results 
of Appendix B in the / — * +oo limit. The non exponential terms — ''"2^^^'* , present in both 
and PK, cancel in all the three even spin structures. 

By using the kinematics and the results of Appendix B, the M.^~^ amplitude for / 00 
reduces to 



M 



R+ 



4 ^ 



fir) 

m 



2 L 4 

We define here and in the following 



-47rT 



f{r) 



fin 



-AttV 



-AttU 



(49) 



(50) 



The last term in M.^^ is easily seen to be a total derivative; in fact by inserting into ( ^71) 
both eq. (^61) and these last terms in eq. (i^) we get 



.(2)2 



.(1)2 



1 - e 



-47rT 



1 -e" 

47rT 



l-e 



1 roo POO 

-j^ dr dl' {dr-d,)le-'^^e 



-4,-kV 



.(2)2 



„(1)2 



l-e 



-Attt 



l-e 



-4itI' 







(51) 



For later use, notice that this kind of integration by parts implies the following equivalence 
relations in the amplitude (see the remark made after eq. (|42|) ) 
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From kinematics one finds the relations 



(2) ^0 

— + — J 

P p 



I p p 



p 



p 



Ap 



1 uo „o 
(A; — g ) H q k 



p 



p 



(53) 



By using these relations and again the equivalence relations (|52| ) one can see that also the 
remaining terms in (^) cancel, and thus there is no contribution from the RR sector in 
/ oo limit. 

In the NSNS± spin structures the amplitude is found to be 



M 



NS± 



4 



1 



f{r) 



p(i)2 _ V,^,p^^^K,¥ --{k'- g2)(l + VM sin' fiH 
=Fe"^''' sin^ 6 sinh^(t;i - V2) + p^^^"^ + p^'^' - phuk^ sinh 2(i;i - V2) 

-2 cos e sinh 2(t;i - V2)p^'^^'^ f {r) + 2 cos ^ sinh 2{vi - V2)p^^^'^ f {I') } • (54) 



Here we have used the relation 

1 



1-e 



1-e 



-47r/' 



1 + f{r) + /(/') 



(55) 



up to terms 0{e~^'^^) which we neglect in the large distance limit. 

The first three rows in equation (|5^) are identical to the first three rows of eq. (|49|) and 
thus they also cancel in the integration of eq. (0). Moreover: 



sin^ 6' sinh^ (f 1 — V2) + p^^^'^ +p*'''*' — phuk^ sinh2(fi — f 2 
= -cos^sinh2(t>i — V2){k'^ — q^) . 



Thus modulo terms which cancel in the integration of eq. 
j\/[NS± ^ _^ e'^'^'T (following the notation of eq. (|3T|)) where 

■1 



(56) 

we are left with 



T = — cos 9 sinh 2(t>i — V2) 



-(fc2-g2)-2p(n(r) + 2p«V(n 



(57) 



which is also seen to be zero using the equivalence relations (|52|) . In conclusion, there is no 
dilaton emission from interacting moving branes far from each other. 
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B. Graviton 



Using the properties of the polarisation tensor for the graviton, the general amplitude is 
found to be 



-2{U: - W,)[L, - cose{K, - K)]} 



+ {e-q')hn[K,-K] 
o 

+^hak'[L, - cose{K, - K) + {U: - W,)] - ^K,k%^ . 



(58) 



For the three even spin structures, this expression can be further simplified using the 
results of Appendix B in the / +00 limit. Just as for the dilaton the non exponential 



terms 



{v\-V2) 
2-kI ' 



present in both and Wy, cancel in all the three even spin structures. 



By using the kinematics, the amplitude for / — > cxd reduces to 



fir) 



+ 



fin 



+1 tanhK - V2) {^hak' + VsTaP^'^/^ii/lr) - V^iP^'^ {I'] 



(59) 



For the NS± sectors, in the / — >■ 00 limit, we get: 



M 



NS± 



4 ^ 



+ 



1 



fir) 



Vi^ip^'^hak'' + -(P - q^)VMhii 



-|-g-27r/ |p2^^^ sinh^(t>i — V2) — phiik^ sinh 2(f 1 — f 2) 
-2/111^272 sinh 2(f 1 - f 2)pp^^V(^) 
+2/in^i7isinh 2(^71 - V2)pp^'^ fil')} . 



(60) 



The graviton emission amplitude is generically different from zero. We can always use 
the relations (|52D to reduce the final integration over the two proper times r and /' to the 



expression (see eq. (|46|) ) 



where 



1 nen 



dr 



oW2 

2tt 



1] 



Atx - 



2-K 



1] 



1 nm- 



n(2)2 



27r 



+ 1] 



(61) 



(62) 
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We have indicated the hmiting expressions of /i,2 for the relevant case where the energy p 
of the emitted graviton is much smaller than the string scale. 

— * 

Finally the amplitude at fixed impact parameter br can be written as 

A = ! / fke^>^r-ir + ^ + (63) 

smh\vi-V2\J (27r)2 \q^k^ q'' ky ^ ^ 

remembering that 



„(2)2 ^ „(1)2 

^' = 4 + — r, 5^ = (fcT-PT)^ + — r- (64) 

smh [vi — V2) smh [yi — V2) 



(65) 



For the untwisted sector one has: 

B — —hijk^y { 4cosh(vi — V2) JJcosTrZa — [cosh2(vi — V2) + cos 2'KZa\ 

\ a a J 

+phiik'^ ^4sinh(^;i — V2) JJcosvrZa — 2sinh2(i>i — V2)^ 
+2p^/iii sinh^(vi - V2) , 
C — — \47i I 4 cosh(vi — V2) JJ cos -KZa — [cosh 2(^1 — ^2) + X] 27r2;a] 

+Vi7i^^ |2sinh(vi - ^2) JJcosTT^a - sinh2(vi - ^2) j , 

h ik^ ( \ 
D = V272^^ [ 4 cosh(vi - f 2) n "^^^ ~ [cosh 2(t'i - t'2) + ^ cos 2T:Za] \ 

P \ a a / 

-^"272^^ I 2sinh(fi - W2) ]Jcos7r2;a - sinh2(wi - W2) j . 

P \ a J 

In C and D we neglected terms of order k'^ and g^. 
For the twisted sector we have: 

1 • • P ■ 

B — —-hijk^k^ (cosh(vi — V2) — 1) + -/iii^*sinh(vi — V2) , 

C = --^i7i^7Tr (cosh(^;i - ^2) - 1) + -Vi7i— 7^ sinh(7;i - V2) , 
1 p^^i 4 p^^i 

D = ^V^272^J^ (cosh(wi - V2) - 1) - ^V^272^^ sinh(wi - ^2) . (66) 

This result, which exhibits the graviton emission amplitude from interacting moving branes 
at large distance, comes from a single string diagram. It receives contributions from three 
distinct physical processes, namely the bremsstrahlung-like case where the graviton is emit- 
ted directly from one of the branes (C and D terms with a single pole in either or k^), and 
the case where it is emitted far from both branes as depicted in the figures of next section 
(B term with poles in both and /c^). 
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The result simplifies for ^ = 0, where 

B = —hijk'^y 4 cosh(f 1 — f 2) Y\. '^^^ ^-^^ ~ [cosh 2(f 1 — f 2) + X! '^'^^ 27r2;J (67) 

\ a a / 

for the untwisted sector, 



B = -hiijk'y (cosh(fi - V2) - 1) (68) 

for the twisted sector and 

C = D = ^ . (69) 

In this case, we find that the bremsstrahlung terms cancel. 

We discuss now the result for small relative velocity V = tanh(fi — V2)- In the case of 
the 0-brane, all the ZaS can be set to zero (untwisted sector) and one finds 



2 



B ~ ^hijk'y - 2V^phiik' + /in 



D ~ (^hak' - V'phn) • (70) 



P 

Observe that for small velocities p^^'^) p. 
In the orbifold twisted sector we have 



B ~ -W^hijk'y + Wphak' , 

^272 ^1,,2> U 1- 



In the case of the 3-brane of the orbifold, averaging over the orbifold relative twists Za 
p!0| , one gets < naCOSTr^;^ >= i, < X]aCos27rZa >= 0. Thus for ^ one finds 



B ~ ^V^hijk'y - Wphiik' + 2VV/in , 



2 

^ ^^^^ - 2 



D^-^{lv'K,k^-lvph,A . (72) 



Finally, by looking at the nearest singularity in k'^ in the integrand of eq. (^) one can 
estimate that the amplitude is maximal for ^ = and that for small V 
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A < V^-'gJsfibT ■ p/V)e-'^-P/'' . (73) 

where / is some mildly varying function, n = 2 for the D3-brane on the orbifold while 
generically n = 4, and we have inserted explicitly the appropriate factors of the string 
coupling constant gs and the string length Ig (assuming a compactification radius of the 
order of Z^). The cross-section for radiating a particle is 

a = Jd%J^\A\' . (74) 

The probability that two interacting branes at impact parameter and with relative velocity 
V would radiate a particle is thus 

dP{p,bT,V) = \A\'^ . (75) 
Thus the amount of radiated energy is 

< p >~ g'si's — ^ — • (76) 

If we extrapolate down to the eleven- dimensional Planck length bx ~ hi = gl^^h we get a 
maximal radiated energy 



V 



l+2n 



< P >~ 9s— — (77) 

which could be compared with the estimate of ref. |^ (the power of V in our expression is 
due to the amount of supersymmetry cancellation). Actually, there are dynamical effects, 
that we have so far disregarded in our approximations, which could invalidate the above 
extrapolation; but for small velocity they are in fact negligible. First, the dynamics would 
change due to open string pair creation (a process which is encoded in the poles of the 
partition function eq. (B3)) but this effect is suppressed even at b^ ~ hi for V < dl^^ O- 
Further, the factor (V/brY (HH) is due the "kinematical" cutoff on the maximal emitted 
energy Pmax ~ V/bri encoded in the expression for dP{p,bT,V) through the exponential 
factor of eq. ([73|); but there is also the string cutoff 1/h which does not appear here, due to 
our neglect of the exchange of massive string states. However the string cutoff is larger than 
the kinematical one, at 67- ~ /n, if V < g^^^ < g^^. Note also that in this case Pmax is much 
smaller than the brane momentum Mf,rV = V/{gsh) and thus the eikonal approximation 
holds. 



V. FIELD THEORY INTERPRETATION 

Let us consider the terms in the graviton emission amplitude which have simultaneously 
a pole in fc^ and g^. They correspond to diagrams in which the two branes exchange a 
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massless particle, which can either be a scalar, a vector or a graviton, and the outgoing 
graviton is emitted by it (see Figs. 1,2,3). 



graviton 





scalar 



Figure 1 



Figure 2 




Figure 3 



The kinematics for Feynman diagrams is the following. The incoming momenta of the 
two branes are 



= (71, V^i7i, 0) , B!^ = (72, \/272, 0) . 



Observe that 



k-B, = q-B2 



. 



(78) 



(79) 



The current, J^, and energy-momentum tensor, T'^", of the branes are (neglecting corrections 
due to the small momentum transfer) 



2 ? 



(80) 



and their conservation follows from eq. ([f9|). 

To select the double poles in fc^ and we have to discard, in eqs. ( |59D and (|60D, those 
terms which are proportional to k"^ or or /(r) or /(/'). In the RR sector we find, after 
multiplying by the / oo limit of Z^"*", a result proportional to 

1 



hij¥k^ — ptanh(fi — V2)hii¥ cosh(fi — V2) ■ 



(81) 
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This is in fact seen to correspond to the diagram, Fig. 2, where the on-shell outgoing 
graviton is coupled to the RR vector exchanged by the branes through the minimal coupling 



Lmt = h,,r^ . (82) 

T^^ is the symmetrized energy-momentum tensor of the two RR vectors. The latter is given 
by 

= F^FL - \v''F,lF,^^ . (83) 

The second piece does not contribute upon contraction with the traceless polarisation tensor 
h^^ of the graviton. The first part can be computed using the fields 

A^ = ijr, A^ = ^jr (84) 

The Feynman diagram is then found to give 

Cint = -^^{hijk'k^ cosh(t;i - V2) - phuk' sinh(i;i - V2) 

— ■ g/iii sinht>i sinhf2} . (85) 

Since k ■ q = |(fc^ + 5'^), the last term does not contribute to the double pole and we find an 
expression proportional to eq. (|8T|) . 

In the NS-NS sector, there are two contributions, one coming from dilaton exchange and 
one from graviton exchange. For the dilatons, one has a minimal coupling of the form (p2|). 
The symmetrized energy-momentum tensor of the two dilatons is given by 



Using the fields 



the interaction is found to be 



~ 9>i^02 . (86) 



A' ^^2 = ^, (87) 



fc^ q 



Cint = T^h^jk'kP . (88) 



1 

k'^q^ 

For the gravitons, the interaction can be deduced from the three gravitons vertex in the 
harmonic gauge [|15| 

-hid^hd^h - hid^dphhl + ^^Kd^^dph^^ . (89) 
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One has to choose in all possible ways one of the gravitons to be on-shell, with polarisation 
tensor satisfying dih^^ = and h] = 0, and the other two to be the off-shell gravitons hi" 
and h2'^ coming from the two branes. Using the fields in the harmonic gauge 

= ^(Tr - Iv'^Ti) , /if = ^(Tr - lv"'T2) , (90) 

and discarding terms containing or k"^, in the numerator, the interaction is seen to be 

1 f 1 • . p 
Cint = p-^j-^^ii^*^^ cosh2(i;i - V2) + - sinh2(wi - V2)hiik' 



-^/insinh2(t;i-t;2)| . (91) 



Now let us consider (A^^f+Z^-^^ - A^^f'Z^'^") and look for the double pole in fc^ and 
g^. In the / — 00 limit we find an expression proportional to 

1 I 1 ■ ■ p pP' I 

- -hijk^y cosh.2{vi — f 2) H — sinh2(t'i — V2)hiik^ /iiisinh^(t'i — V2) \ 



k^q^ [ 4 ^' ' 2 ^' 2 

+ • ^^^^ 

The first bracket matches the contribution from field theory where the emitted graviton cou- 
ples to the graviton exchanged between the branes via the three graviton coupling. The sec- 
ond bracket matches the emission of the graviton from scalar exchange, the factor cos2-nZa 
indicating that this possible scalar is related to the compactified coordinates. In particu- 



lar, for the D3-brane case of ref. |jTO|, the invariant projection over the orbifold group gives 
< X]aCos27r2;a = >, and there is no scalar emission from the branes. 



VI. AMPLITUDES FOR OTHER MASSLESS PARTICLES 

Concerning other massless particles, corresponding to other components of the ten di- 
mensional polarisation tensor Uab (^, -B = 0,1, ■■■,9), we can restrict to the case where 
A^B are space z,j (transverse to p) or internal indices a, 6. (For the internal indices we 
use a complexified notation like a = (4 + i5), (6 + i1\ (8 + ^9) meaning + zX^, etc. and 



similarly for a*. We do the same for the fermionic coordinates, see ref. |]T0[-) The case where 
they are both space has been already discussed. In the case where A = i and B = b the 
matrix element of the vertex is zero for the branes we have considered and disregarding non 
zero compactified momenta for the large distance limit. In the case where A = a and B = a* 
we can have a non zero result for DO-branes compactified either on or on an orbifold, 
with the same Neumann or Dirichlet boundary conditions for both members of pairs of 
compactified coordinates (described by the boundary state of eq. (10) of ref. [[T^])- This is 
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consistent with our previous work |T0[ where we have seen that for these compactifications 
the branes are coupled to spacetime scalars, which can then be emitted. Technically, the 
non-zero result comes because there is no term hijk'^y in the amplitude eq. (^8]), and thus 
the previously seen cancellation does not occur. 

Finally in the case of orbifold compactification with mixed Neumann-Dirichlet boundary 
conditions for the pairs of compactified coordinates (corresponding to D3-branes described 
by the boundary state of eqs (12), (14) of ref. [|10|)) the non zero matrix element occurs 



for A = a and B = a. But in this case the projection over the orbifold invariant states 
multiply the vertex by 1 + + = (with Qa = exp{±i2TT / 3)) , thus there is no emission, 
consistently with the analysis of ref. ||10|| . 

Let us finally recall that we showed in Sec. IV that there is no emission of the spacetime 
dilaton in all cases. By spacetime dilaton we mean the massless scalar corresponding to the 
trace part of the four dimensional polarisation tensor. The spacetime dilaton looks to be 
uncoupled to the branes, consistently with an analysis appearing in ref. . There can only 



occur, in some case, the emission of dilaton-like scalars corresponding to the trace of the 
compactified (internal) components of the polarisation tensor. 
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APPENDIX A: SPACETIME BOUNDARY STATE 

In this section we briefly recall the construction of the spacetime part of the boundary 
state for a DO-brane. Starting from the static case, in which the boundary conditions are 
Neumann for the time direction and Dirichlet for the space directions, the boost required 
to get the dynamical case is easily implemented as an imaginary rotation. We will use the 
complex variable z = a + ir, with a periodic and ranging from to 1, and r ranging from 
to /. 

Starting with the bosonic coordinates, recall the mode expansion 

X'-iz) = ^ - f + ^ E ^«e^™^ - ) , 

2 2 ^/Att ^0 Vn 

X^{-z) = ^ + ^Q'^ + ^ E - fit^e^™^") , (Al) 

2 2 V47r „>o V ^ 

with the standard commutation relations [a^, a]^] = [a^, d]^] = rj^'^Smn, and [A^, Q'-'] = irj^^" . 
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The static boundary conditions for the oscillators are 

(«n + 4°) 1^ >osc= , {al- a^:)\B >l = . (A2) 

Pairing the coordinates in the light-cone combinations — X^ ± X^, whose oscil- 

lators (q;„ — a^-\- a^, /3„ = a° — a^) have as the only non- vanishing commutation relations 
[a^, = [(5m, a]^ — —25 mm the boundary conditions become 

(a„ + ~Pi)\B >l = , + ai)\B >l = , 

(«r-«rO|i5>L=0, (A3) 
and the oscillator part of the bosonic boundary state is written as 

OO 1 

\B >L= exp ^{-(at 4 + plpl) + a^t}|o > . (A4) 

n=l ^ 

For the zero modes, the boundary conditions are 

Q'\B,Y>'=Q, {Xl-Y^)\B,Y>'=Q, (A5) 
where is the transverse position of the brane. These are solved taking 

\B,Y>1^ 5^'\xi - Y')\0 >= J ^,e-^^-'W> . (A6) 

In the dynamical case, it is convenient to introduce the rapidity v related to the ve- 
locity by y = tanhv. The boundary conditions then become in terms of the light-cone 
combinations 

{e-"an + e"MB, V >l = , (e^ + e'^aDlB, V >l = , 
(«r-«r)|5,^>L=0. (A7) 

Thus, the oscillator part of the boosted bosonic boundary state is 

OO -1 

\B, V >L= exp + e'^m) + > ■ (A8) 

n=l ^ 

For the zero modes, the new boundary conditions are 

{coshyQ^^ -sinhvQ^)\B,V,Y >l= , 
(cosht;X„^ - sinhi;X° - Y^)\B, V, Y >^= , 

(Xf -F«)|5,V^,r >^=0, (A9) 
where is the transverse position of the brane. These are solved taking 
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\B, V, r = S{coshvXl - sinhi;X° - Y^)5'^^\xj' - F")|0 > 



(2^ 



e-*^-%^ > , (AlO) 



where q'^ = (sinhfg^, cosht>g^, g^) = (7^?^, 70'^, ^) 

In a more formal way, the moving boundary state is obtained from the static one with a 



boost of opposite velocity |13 



\B,V,Y >= e-'^^''\B,Y > , (All) 

where 

oo 
n=l 

Now consider the fermionic part. The mode expansions are 

n>0 

^^'{z) = + T/i^'^e^™^") , (A13) 



n>0 



where the sums are over half integer or integer depending on whether we have NSNS or RR 
fermions. In the RR sector there are also zero modes and The anticommutation 
relation for the oscillators are the standard ones, {ip^jipj^} = = V^'^^mn, in 

both the NSNS and RR sectors, whereas the RR zero modes satisfy the Clifford algebra 

The static boundary conditions, consistent with the mode expansion ( [A 131 ) are 



{^'^ + tVi'i')\B,r^>i = 0, {^l^-tr^i,}:)\B,r^>i = 0, (AM) 

where r] = ±1 has been introduced to deal with the GSO projection. 

Pairing the ip^^ip^ fields in the light-cone combinations ip"^ = + 'ip^, = ip'^ — ip^, 
whose oscillators tpnyi^n have as the only non- vanishing commutation relation {ip:^,ip^^} = 
{ip^,ip:^''} = —26mn, both in the NSNS and RR sectors, the boundary conditions become 
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(V';f + )|i?,r/ >L= , {^^ + zv^^^)\B,r^ >L= 

(€-^#r)|i?,^>L=0, (A15) 

and the oscillator part of the fermionic boundary state is written as 

oo -| 

\B,V >L= exp.r^ E{^(^f + ^n^) " ^^^^110 > , (A16) 

n>0 ^ 

with appropriate moding for each sector. For the RR zero modes, the boundary conditions 
are 
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{,p', + irj^Pl')\B,rj>^^0, {,l;i-ir)i^l')\B,r)>^^0. (A17) 

It is convenient to define a = (7° + 7^)/2, a* = (7° — 7^)/2 and b = (—27^ + 7^)/2, b* = 
(— ^7^— 7^)/2 such that {a, a*} = {b, b*} = 1, and similarly for a,b, all other anticommutators 
being zero. The boundary conditions for the zero modes can then be written as 

(a + irid*)\B, rj , (a* + iria)\B, rj , 

{b-irjb)\B,r}>^^0, {b*-irjb*)\B,rj>^^0. (A18) 

Defining a "vacuum" |0 > > by a\Q >= b\0 >= a|0 >= 6*|0 >= 0, we find the zero 
mode stationary boundary state 

|S,77>^=-^e-'''("*»*-^*'^)|0>®|0> . (A19) 

Notice that the boundary conditions imply that for z = z, i.e. r — 0, 

ijj^{z) = -ir]i)^{z) , = iv^'iz) . (A20) 

In the dynamical case, the boundary conditions become in terms of the light-cone com- 
binations 

{e-^i^^ + i77e>f 77, V >L= , (e^V'^ + iTye'^Vif ,7, V >L= , 
(V^^-ir7V;r)|S,r7,F>L=0, (A21) 

so that the oscillator part of the boosted fermionic boundary state is 

\B.n. V >L= ew^V E{^(e""^>n^^n^ + e'^f ^n^) - ^^^^10 > , (A22) 

n>0 ^ 

with appropriate moding for each sector. 

For the RR zero modes, the new boundary conditions are 

(e-^a + ir]e''d*)\B, r] >f = , (e^a* + ir]e-''a)\B, 7] >f = , 
{b-ir]b)\B,r]>^=0 , {b* -ir]b*)\B,r]>^=0 . (A23) 

The boosted zero mode boundary state then becomes 

\B, r}, V _}_^v^-iv{e-^^a*a*-b'b)^Q > 0|O > . (A24) 

v2 

Notice furthermore that the new boundary conditions imply that for z = z, i.e. r = 0, 

= — i77(cosh2v'0°(^) — sinh 2i>'0^(z)) , 
i/j^iz) ^ir] {{cosh 2v'ilj^{z) - sinh 2^7/5° (z))) , 

ij;'^{z) = irj'ijj'^{z) . (A25) 
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APPENDIX B: PARTITION FUNCTIONS AND PROPAGATORS 



In this section, we will use the boosted boundary states to compute the uncompactified 
part of the partition functions and the correlation functions on the cylinder. The contribu- 
tion to the partition function of the (2, 3) bosonic and fermionic coordinates cancels with 
the ghost contributions (except that in the odd spin structure case the /3 — 7 ghosts always 
contain the zero mode insertion). The net effect of the velocity is a twist. We shall define 
the modular parameter q = e~'^'^K 

For the bosonic field, we need only to consider the oscillator part, with the Hamiltonian 

Hose = 2'K^n< --{al(3n + f^lon + al(3n + f^ian) + aj^^a^ + a}Ja^) \ . (Bl) 

n=l ^ 

Here includes all the transverse directions, both uncompactified and compactified. The 
uncompactified part of the partition function 

=< B, Vi|e-'^°-|S, V2 >tc (B2) 

is then computed to be (taking into account the ghost contribution) 

00 

Z^iunc) = TT -; r-— ; r- . (B3) 

^ ^ ^i-^ _ q2n^-2{vi-V2)'j (^l _ q2n^2{v^-V2)^ ^ > 

The complete partition function has been explicitly written in ref. []TD[, eq. (16) (for the 
toroidal compactification or in general for DO-branes putting Za = 0) and in eq. (19) (for 
DO-branes on a Z3 orbifold fixed point, twisted sector). 

The correlation functions, as defined in eq. (0) require a bit more work. Define 

A, {r,l) = < X''{z)X\z) >osc=< X\z)X\z) , 
A{t,1)6'^ = <X^\z)X''^{z) >osc, 

B, {tJ) = < X''{z)X\z) >osc=< X\z)X^iz) >osc , 
C,{1) = < X%Z)X\Z) >osc=< X%Z)X%Z) >osc 

= -< X\z)X\z) >osc= - < X\z)X\z) >osc , 

-C{1)6^^ ^ < X^\z)X''^{z) >osc=< X^\z)X^'{z) >osc , (B4) 

with A{t,1) = A^,(r, /) 1^,^=^2=0 and C{t,1) = Ct,(r, /)|^,^=^,2=o- Doing the oscillator algebra, 
and using the formulae 

00 1 00 k 

E^' = T— Ey = -Mi-a:), (B5) 

k=0 ^ k=l 

we write the results as 
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-I oo 

Av = —J2 {cosh2[(wi - V2)n - V2] ln(l - g'"e-^"0 

^"^ n=0 

+ cosh2[(^;2 - vi)n - Vi] ln(l - g^^e"^'^'')} , 

-1 00 

S„ = -— ^ {sinh2[(i;i - V2)n - V2] ln(l - q^^'e-^^^) 

n=0 

+ sinh2[(^;2 - vi)n - Vi] ln(l - g'^e"^'^'')} , 

-1 00 

= ^ E cosh2[(^;i - V2)n] ln(l - g^-) . (B6) 

n=l 

In the last expression, we have discarded a normal ordering constant that will never con- 
tribute in the amplitude because of = 0. 

The bosonic exponential correlation is given by 



and, using p = p° and cos^ = y, can be recast in the following form 

2 

— sinh^ [(ill —112 )n] sin^ 



°° - - - cosh2[(j;i— ?;2)n— ?;2]{l+tanh[(j;i— ■y2)n— ?;2] cos0}^ 



X 
n=0 



n=l 

oo 
n=0 

n°° fi 2n _4^i'l -f;;cosh2[(i;2-i;i)n— yi]{l+tanh[(j;2-w)n-yi]cos6»}^ 
[i - g e J . 

n=0 

Consider now correlations involving only one derivative, and define 
'-K,{t,1) = < dX\z)X\z) >osc^< dX\z)X\z) >osc 

= -< dX\z)X\z) >osc= - < dX\z)X\z) >osc , 

'-5'^K{r,l) = < dX^'{z)X^^{z) >osc^ - < dX^\z)X^'{z) >osc , 
'-L,{t,1) = < dX'^{z)X\z) >osc=< dX\z)X^{z) >osc 

= -< dX\z)X\z) >osc= - < dX\z)X\z) >osc , 

'-W,{1) = < dX%z)X\z) >osc^ - < dX%z)X\z) >osc , (B9) 
with K{t,1) = Ky{T,l)\y-^=y2=o. 0^16 obtains 

q e 



Kv = - cosh2[(ui - V2)n - V2] — 

n=0 I ^ 



2ng— 47rr 
q2n^—i-KT 



^n^—i-Kl' 

cosh2[(t'2 — Vi)n — Vi 



\ — g2ng-47r/' 
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Lv = sinh 2[(f 1 - V2)n - V2] 



2no— 47rT 



n=0 



1 - g^"e 

g2ng— 47r/ 

sinh2[(t>2 — Vi)n — Vi 



1 - g^"e 



^ - 2 E sinh 2[(t;, - ^^2)n]^^ . (BIO) 



V 

Turn now to the fermions, whose Hamiltonian is 



n.>0 ^ ^ 

with appropriate moding in each sector. The uncompactified part of the partition functions 

=< B, ±, Vile-'^lfi, +, V2 >^ , 

^ =< ±, Vi\e-^^\B, +, 1^2 , (B12) 

are found to be (taking into account the ghost contribution) 

00 

Z^iunc) = 4cosh(t;i - V2) H + g2"e-2K-^'2)^ (^^ + ^2n^2{v,-v2r 

n=\ 

00 

Z^iunc) = 4sinh(t;i - V2) H - q^^'e-^^^'-^^'^) (l - g^ngZCt,!-. 

n=l 

00 

^^^Wnc) = n (1 ± g2n-lg-2(.i-.2)^ ^ ^2n-lg2K-.2)^ _ (3^3) 
n=l 



The complete partition functions for the even spin structures have been written in ref. 
p!0| eqs. (28) (toroidal or generic orbifold case) and (32) (DO-branes on a Z^ orbifold fixed 
point, twisted sector). The odd spin structure case has already been separately discussed in 
Sec. I. 

Let us discuss the fermionic correlation functions. In order to treat the odd spin structure 
case, we have to make some preliminary observation. Referring to our definition eq. (p3D, 
we have to consider two cases, when O is quadratic in the fermion operators and when it 
is quartic. In the quadratic case we define < O >°'^=<^ O '^°<^'^^ and thus the only non 
vanishing correlators are 

-e'l =< ^"(z)^/>^^'(^) >°'^'^= -^ < iIj^\z)iIj^^ (z) >°'^'^= i < ij^\zW^{z) >'"^'^ , (B14) 
2 

with e*-' = e^*-'. For the quartic case, the only non vanishing result is when O contains the 
zero modes in the two transverse directions and each only once. Thus, O can be written 
as a product of a quadratic term, say ipip times the 2-3 zero modes (which can be either 
both left or right or mixed): O = ipip ■ (0 — modesY'^. We then define the odd propagator 
< ipip >°'^'^ by 
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< ipip >°'^'^< (0 - modesf'^ >=< i)ip o - modes)'^''^ > 



2,3 ^odd 



(B15) 

where < (0 — modesY'^ > is given by eq. ( |B14| ) and ^ ■ ■ • ^ by eq. (^). 

We thus have (here we always put r/i = +1), in all cases for s = even and in the quartic 
case for s = odd, 



if:{t,i) 




>'=< 


[z)i;\-z) 






= < tP^'iz)^^^ 


[z) >' 






i5'^F'"^\T, I) 


= < tP^'iz)^^^ 


[z) >°'^^ , 








^ < i,\z)i,\-z] 


>^=< iJ^ 


[z)i,\z) 


>\ 


m) 


^<ij\z)^\z: 


>'=< tp^ 




>% 





= < ij^\z)^^^ 


[z) >^^^"= 




{z)^Ij^^{z 



(B16) 

with F^{t,1) = FJ(r, /)|^j=^2=o both in the even and the odd cases. We can use Wick's 
theorem evaluating matrix elements by using the propagators defined in eq. ( |B16| ) (which 
for the odd spin structure refers to the four fermions case) and eq. ( [B14D (two fermions 
case). Notice that we have also < tp^tp'^^ >=< ip^tp'^^ >=< ip^tp'^^ >= 0. 

In the NSNS± sectors only fermionic oscillator modes appear, whereas in the RR± 
sectors we have also the fermionic zero modes. Their contributions are 

1 sinh(wi + ^2) 

2 sinh(f 1 — f 2) ' 
1 cosh(t>i + V2) 



poR+ _ 


1 cosh (til + V2) 


T?oR 




2 cosh(t>i — V2) 




QoR+ _ 


1 sinh(t>i + V2) 


/^oR 




2 cosh(t>i — V2) 




TjoR+ _ 


^ tanh(t;i - V2) , 


^oR~ 



2 sinh(f 1 — V2) ' 



coth(t>i — V2) 



The full correlators are then obtained as 

pR± _ poR± I pR± (^R± _ (^oR± 



R± 



jjoR± _^ jj 



R± 



(B17) 



(B18) 



where 



Y,{Tr{co^\i2[{vi-V2)n-V2]- 



„2n p—AitT 
q c 

y2no— 47rT 



n=0 



± cosh2[(t>2 — Vi)n — vi 



= E(t)" sinh2[(t;i - V2)n - V2]- 



2n^—AnT 
■2np—4TTT 



n=0 



± sinh2[(t>2 — Vi)n — Vi]- 



„2n „-47ri' 
q c 

_ g2ng-47r/' 



R± 



27r/ 



-2^(T)"sinh2[(t;i-t;2; 



n\ 



n=l 



1-g 



2n 



(B19) 
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in the RR sector and 



«2np— 47rr 

n=0 K ± q a 

^rtg— 27r/' 

± cosh 2[(t>2 — Vi)n — Vi 



1 - q^'^e 



Gv'^ = E(t)" sinh2[(t;i - V2)n - V2]j ^ 



,n _~27rr 



n=0 



g2ng— 47rT 



_,ra„-27r«' 

± sinh2[(t>2 — Vi)n — Vi 



qln^—AirU j ' 

U!!'^ = -^^^=-p^-2±{Tr sinh2[{v,-V2)n]-^ , (B20) 

in the NSNS sector. The equal-point correlators f/^^ and f/^'5'± can be deduced from the 
other correlators by using the eq. (|A25[ ) to reflect left and right movers at the boundaries. 

Notice that world sheet supersymmetry is enforced between the bosons and the RR odd 
spin structure fermions. Since Ky = iv~, = and = F^~, we explicitly check 
the relations 

< dx^{z)x'^{-z) 1 < ri^Wi^) >f.; , 

< dx^{z)x''{z) >,sc= I < r{z)r{z) >f- , 

< dx>^{-z)x''{z) >,sc= I < r{z)r{z) >^-c , 

< dX^{z)X'^{z) < r{-z)r{-z) . (B21) 

The periodicities of the fermionic propagators in the four spin structures, which should 
follow from an involution from the torus to the cylinder, can be seen considering the light- 
cone combinations ip^ = ± ip^ and in particular their propagators < ip^ {z)il!^ (z) >s= 
Py(±), which are given by 

P:^^^ = '-{F: ± Gl) . (B22) 

One can then explicitly check the transformation around the two cycles of the covering torus, 
which has modulus u = 2il, w ^ w + m + un with w = z — z = 2zr, that is r — > r — |m + nl, 
getting 

P.^Ur -lm + nl, I) = e-±2nK-..)pi^+ ^ 



Pj[f)+(r - + nl, I) = e^-rn+^.n±2niv,-v,)pNS+^^^ ^) ^ 

Pj^f)-(r -'-m + nl, I) = ±2n(.,-..)piV5-(^^ _ (B23) 
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These transformation rules for m = correspond to the boundary conditions at the two 
ends of the cylinder for the which are 

i;^{z%=i = -ie^^-'^P^{z)l=i. (B24) 
The local behavior of these functions for r — > is found to be 

nV)(^'0-^e^^-. (B25) 

It is convenient to rescale the fermions according to il)^ iJj"^ = e^^^ip"^, so that their 
propagators are -PJ(-j-) = e^^^^pj^^^ xhe monodromy properties do not change, but the 
boundary conditions now become 

^^(z) = -ie^^(^i-^^)|^(^) , z = z + iy , (B26) 
and the local behavior for r ^ simplifies to the conventional one 

It has become now clear how to do the twisted involution to pass from the covering 
torus to the cylinder: the twisted boundary conditions on the cylinder are obtained from 
a non-trivial phase transformation around the long cycle of the torus with imaginary angle 
e — ■ Actually, the monodromy properties of the functions -P^(±), together with their 
local behavior, imply them to be combinations of twisted ^-functions, with argument w — 
2iT, modulus u — 2il and imaginary twist e = . In fact, one can check that 

. 1 92iw±ie\u)9[i0\u) 



4n 9i{w\u)6 
1 63(10 ± ie 




An 6i{w 





P.i±) i^^ = ^ e^{w\u)9,{±ie\u) " ^^^^^ 

In order to study the amplitudes in the large distance limit, we will need the I — > +00 
asymptotics of the correlations. For the bosonic exponential one gets 



\ -^osc 



1 - e"^"" 



„(2)2 (1)2 



(B29) 

whereas the fermionic propagators in the four spin structures, in this limit, reduce to 
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and 



F,f^ — >■ — cosh2f2 -. — =F cosh2fi- , „ , 

^ 1 — e~ ''" 1 — e~ 

g— 47rr g— 47ri' 

^ - sinh 2^2 T sinh 2v^^—^ , 
U^^ - -^^^1^ ± 2 sinh 2(^1 - v,)e-'^^ , (B30) 



g-27rr g-27rr 



cosh 2^2 -. — T cosh 2vi - 



rpNS± _ 



+e"^^'(±cosh2(vi - 2v2)e"^''^ + cosh 2(^2 - 2vi)e 

iNS± 



- sinh 2^2 ^ ^ sinh 2vi 

+e-2'^'(Tsinh2(t;i - 2t;2)e-2'^^ - sinh2(^;2 - 2vx)e^^^') , 
U^s± ^ _ (^^ -;^^) ± 2 sinh 2(^1 - ^2)e-''^' . (B31) 
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